Abstract. In this note it is shown that associating to a principally polarized abelian variety its de Rham cohomology defines a faithfully flat morphism of the moduli space of principally polarized abelian varieties in positive characteristics to the moduli space of symplectic F -Zips as defined in [MW].
Introduction
Let A g be the moduli space of g-dimensional principally polarized abelian varieties in characteristic p > 0. If S is any scheme of characteristic p, an S-valued point consists of an abelian scheme f : A → S of dimension g and a principal polarization λ of A. We can associate to this pair the following "linear algebra" datum over S:
We set M = H 1 DR (A/S) which is a locally free O S -module of rank 2g. The polarization λ induces a perfect alternating bilinear form on M .
There are two canonical spectral sequences converging against the de Rham cohomology, namely the Hodge spectral sequence and the conjugate spectral sequence. Both of them induce a filtration on M . Moreover, they both degenerate and the filtrations are of the form
Finally, the Cartier isomorphism induces isomorphisms
This tuple is a "symplectic F -zip of type (g, g)" in the terminology of [MW] . In other words, we have constructed a morphismζ from A g into the moduli spaceZ g of symplectic F -zips of type (g, g). We show:
Theorem. The morphismζ is faithfully flat.
In [MW] it was proved thatZ g is the quotient (in the sense of algebraic stacks) of a smooth variety Z J by the action of the symplectic group G = Sp 2g and that the G-orbits on Z J are in natural bijection with elements in W J \W where W is the Weyl group of G and W J is a certain Levi subgroup of W . Moreover, a formula for the codimension of each stratum was given.
In this particular case, W J \W can be identified with {0, 1} g and the codimension of the G-orbit corresponding to u = (ε i ) ∈ {0, 1} g is equal to
Every G-orbit Z u J in Z J defines a locally closed substackZ u g ofZ g . The inverse images of these substacks in A g are the Ekedahl-Oort strata A u g of A g as defined in [Oo] . As dim(A g ) = g(g + 1)/2, the flatness ofζ implies:
Corollary. For u = (ε i ) ∈ {0, 1} g let A u g be the corresponding Ekedahl-Oort stratum. Then A u 0 is equi-dimensional and we have
This has also been shown by Oort in [Oo] by different methods (the elementary sequence ϕ in the terminology of loc. cit. is given by ϕ(i) = ε 1 + · · · + ε i ).
We will now give a short overview over the structure of the article. In the first section we fix some notations from the theory of reductive groups. In section 2 the moduli space of principally polarized abelian varieties is defined. Section 3 contains the development of the main technical tool for the proof of the flatness. Here we define split Dieudonné displays. On one hand they are related to Dieudonné displays defined by Zink [Zi] and we will use Zink's theory for our proof. On the other hand we can express the datum of a split Dieudonné display in a purely group theoretical way (see (3.8)). In the last section we define the morphism of (a cover of) our moduli spaces to (a cover of) the moduli space of F -zips with additional structures and then show that this morphism is flat and surjective. Notation. Let G be a group, X ⊂ G a subset and g ∈ G. Then we set g X = gXg −1 .
Preliminaries on reductive groups
(1.1) Let k be a field and let G be a connected reductive group over k. We fix an algebraic closurek of k. We denote by Bor G the scheme of Borel groups of G.
In Bor G × Bor G we define the subscheme SP whose S-valued points consists of those pairs (B, B ′ ) of Borel subgroups of G S such that fppf-locally there exists a maximal torus T of G which is contained in B and B ′ . In this case we say that B and B ′ are in standard position.
The group G acts on SP by simultaneous conjugation and the fppfquotient of this action is representable by a finiteétale k-scheme W G . We set W := W G := W(k) and call it the Weyl group of G. For any w ∈ W we denote the corresponding G(k)-orbit of SP(k) by SP w . The set W can be endowed with a group structure: For w, w ′ ∈ W choose (B 1 , B 2 ) ∈ SP w and (B ′ 1 , B ′ 2 ) ∈ SP w ′ such that B 2 = B ′ 1 and such that the three Borel subgroups B 1 , B 2 = B ′ 1 and B ′ 2 contain a common maximal torus (this always can be done). Then we define the product ww ′ as the G-orbit of (B 1 , B ′ 2 ). For any w ∈ W we define the length of w as
We call the set I :
It is well known that (W, I) is a Coxeter group and that ℓ is the usual length function with respect to the Coxeter base I (see [Lu] 7.3).
The canonical map SP(k) → W is denoted by relpos and relpos(B, B ′ ) is called the relative position of B and B ′ .
(1.2) Let ϕ : G → G ′ be a homomorphism of reductive groups such that the induced homomorphism ϕ ad : G ad → G ′ad of adjoint groups is an isomorphism. Then ϕ induces an isomorphism (W G , I G )
Indeed, it suffices to show that the canonical homomorphism G → G ad induces an isomorphism of Weyl groups. But for every k-scheme S every Borel subgroup of G S contains the center of G S and therefore ϕ induces an isomorphism Bor G ∼ → Bor G ad . As the center of G acts trivially on Bor G , the claim follows.
(1.3) We denote by Par = Par G the scheme of parabolic subgroups of G. The algebraic group G acts on Par via conjugation. The Gk-orbits of Park are the connected components of Park.
For i ∈ I we say that P ∈ Par(k) is of type {i} if for all pairs (B, B ′ ) of Borel subgroups B = B ′ which are contained in P we have relpos(B, B ′ ) = i.
If P is any parabolic subgroup of Gk, we define the type J as the subset of I which consists of those i ∈ I such that P contains a parabolic subgroup of type {i}. This sets up a bijection between G(k)-conjugacy classes in Par(k) and the set of subsets of I.
For every such subset J we denote by Par J the variety of parabolics of type J. This variety is defined over the field extension of k ink over which J ⊂ W = W(k) is defined. We denote by P J the universal parabolic of type J over Par J and by U J its unipotent radical.
(1.4) For any subset J we denote by W J the subgroup of W generated by J. Alternatively, W J can be defined as the set of relpos(B, B ′ ) where (B, B ′ ) runs through all pairs of Borel subgroups which are contained in a common parabolic subgroup of type J.
For w ∈ W and J, K ⊂ I the double coset W J wW K contains a unique element of minimal length and we set
For any two parabolic subgroups P ∈ Par J and Q ∈ Par K we consider the set
Clearly W J acts from the left and W K acts from the right on this set, and it consists only of a single orbit under this (W J , W K )-action. Therefore, it contains a unique element of minimal length which we call the relative position of P and Q and which we denote by relpos(P, Q) ∈ J W K .
(1.5) As an example we consider a symplectic space (V, , ) of dimension 2g over a field k and denote by G = GSp(V, , ) the group of symplectic similitudes of (V, , ). Moreover, we denote by G ′ = Sp(V, , ) ⊂ G the group of symplectic isomorphisms.
As G/G ′ ∼ = G m is abelian, we have an isomorphism Par G ∼ → Par G ′ given on points by P → P ∩ G ′ . This identifies in particular Bor G with Bor G ′ . As G is the product of G ′ and Cent(G), this isomorphism also induces an isomorphism W G ′ ∼ → W G . In the sequel we will only consider G ′ and set Bor = Bor G ′ , W = W G ′ and so on.
Let S be any k-scheme. Then V S = V ⊗ k O S is a free O S -module of rank 2g, and the base change of , is a perfect alternating form on V S .
Let M be any locally free O S -module locally of finite rank. An O Ssubmodule F ⊂ M is called locally direct summand if one of the following equivalent conditions holds:
(2) Locally for the fpqc-topology F admits a complement in M .
(3) The quotient M/F is a locally free O S -module.
(4) There exists an open affine covering (U i = Spec(A i )) i∈I of S such that for all i ∈ I and every maximal ideal m of A i the base change
is injective where ι : F → M is the inclusion homomorphism.
If F is locally a direct summand of V S , its orthogonal dual F ∨ ⊂ V * S is locally a direct complement and therefore its orthogonal F ⊥ ⊂ V S is locally a direct summand. Here we denote by ( ) * the O S -linear dual.
A flag of V S is a sequence
of O S -submodules of V S which are all locally direct summands of V S . This implies that F i is also a locally direct summand of F i+1 . Such a flag is called complete if F i+1 /F i is locally free of rank 1 and it is called symplectic if for all i there exists a j such that F ⊥ i = F j . Any symplectic flag is already uniquely determined by those members which are totally isotropic.
We denote by Par ′ the k-scheme whose S-valued points are the symplectic flags and by Bor ′ the subscheme whose S-valued points are those which consist of complete symplectic flags. These are projective and smooth kschemes. By associating to every symplectic flag over S its stabilizer in G ′ S we obtain an isomorphism Par
We use this ismorphism to identify symplectic flags of V S and parabolic subgroups of G ′ S . Two complete symplectic flags (F i ) and (F ′ i ) are in standard position if and only if F i + F ′ j is locally a direct summand of V S for all i, j = 1, . . . , 2g. By passage to the orthogonal it suffices to check this condition for those F i and F ′ j which are totally isotropic, i.e. for i, j = 1, . . . g.
Two pairs of flags ((F
From this it is easily seen that every G(k)-orbit of a pair of complete symplectic flags in Vk contains a pair of complete symplectic flags in V . Therefore, the finiteétale scheme W is the constant scheme associated to the set W .
We describe W : Let ((F i ), (G j )) be a pair of complete symplectic flags in V . For all i there is a unique j = π(i) such that gr G j gr F i = (0). The rule i → π(i) defines a permutation of the set {1, . . . , 2g}, i.e. an element π ∈ S 2g . Clearly, two pairs of flags are in the same G-orbit if and only if the associated permutations are equal. Moreover, the condition for the flags to be symplectic implies that the permutation satisfies the condition
Hence we can identify W with the set of π ∈ S 2g satisfying (1.5.1). One can check that this defines a group isomorphism.
The simple elements in W correspond to those G-orbits of pairs of symplectic complete flags ((F i ), (G j )) such that there exists an i 0 ∈ {1, . . . , g} with F i 0 = G i 0 and F i = G i for all i ∈ {1, . . . , g} with i = i 0 . As we have F ⊥ j = F 2g−j for all j, this implies F 2g−i 0 = G 2g−i 0 and F i = G i for all i ∈ {1, . . . , 2g} \ {i 0 , 2g − i 0 }. Therefore, the set of simple elements I consists of {s 1 , . . . , s g } with
where τ j ∈ S 2g denotes the transposition of j and j + 1. Let J = {s i 1 , . . . , s ir } be a subset of I. If P is a parabolic of G corresponding to a symplectic flag (F j ), then P is of type J if and only if for all ρ = 1, . . . , r and for all j the rank of F j is not equal to i ρ .
(1.6) Consider the special case J = {s 1 , . . . , s g−1 }. Then W J consists of those permutation π ∈ W such that π({1, . . . , g}) = {1, . . . , g}. The map
is a group isomorphism. A symplectic flag is of type J if and only if it is of the form (0) ⊂ F ⊂ V S where F is locally a direct summand with F ⊥ = F . The set J W consists in this case of those elements π ∈ W such that
Of course, this implies
, . . . , 2g} is a subset of g elements such that either i ∈ Σ or 2g + 1 − i ∈ Σ for all i = 1, . . . , g, we get a corresponding element π Σ ∈ J W by setting π −1 (i) = j i . The sets of these Σ's is in bijection with {0, 1} g by associating to Σ the tuple (ǫ 1 , . . . , ǫ g ) with
The length of such an element (ǫ 1 , . . . , ǫ g ) is equal to
2 The moduli space (2.1) We fix a symplectic vector space (V, , ) over Q and denote by 2g its dimension. We assume that g > 0. Moreover, we fix a prime p > 0. Let Λ be a Z p -lattice in V Qp such that the restriction of , Qp to Λ is perfect. Let G = GSp(V, , ) be the group of symplectic similitudes of (V, , ) and denote by G ′ ⊂ G the subgroup of symplectic isomorphisms. We consider G and G ′ as reductive groups over Q.
We set G = GSp(Λ, , ), G ′ = Sp(Λ, , ). These are reductive group schemes over Z p whose generic fibres is equal to G Qp and G ′ Qp , respectively. Their special fibres are denoted byḠ andḠ ′ , respectively.
(2.2) We denote by A = A g the Z-groupoid whose fibres over a scheme S consists of the category of tuples (A, λ) where
• A is an abelian scheme over S of dimension g;
• λ is a principal polarization of A.
Then A is a smooth algebraic Deligne-Mumford stack over Z of relative dimension g(g + 1)/2. We denote by A 0 = A g,0 the reduction A ⊗ Z F p at p. Finally, the Cartier isomorphism induces isomorphisms
commutes.
(2.4) We denote by (W, I) the Weyl group of G together with its set of simple reflections (1.1). Let J ⊂ I be the subset of simple reflections corresponding to the conjugacy class of those parabolic subgroups which are the stabilizers of symplectic flags of the form (0) F V S (1.6). As G ′ and G have the same adjoint group, the Weyl group of G ′ is canonically identified with the Weyl group of G.
Via the reductive group scheme G ′ we have a canonical isomorphism of (W, I) with the Weyl group of G ′ ⊗ F p =Ḡ ′ .
(2.5) Lemma. Let T be any scheme and let M 1 and M 2 be two locally free O T -modules of the same rank with a symplectic form , i . Then Zariski locally on T , the symplectic modules (M 1 , , 1 ) and (M 2 , , 2 ) are isomorphic. Moreover, the scheme of symplectic isomorphisms
is smooth.
Proof. This is clear. 3 Dieudonné displays with additional structures (3.1) In this section we will always denote by R a complete local Noetherian ring R with perfect residue field of characteristic p. If p = 2, we also assume that pR = 0.
We will endow Dieudonné displays in the sense of Zink [Zi] with additional structures. We use freely the terminology of loc. cit.. In particular, we have the ringŴ (R) which is endowed with Frobenius σ and Verschiebung τ (which are denoted by F and V , respectively, in loc. cit.). The kernel of the canonical homomorphismŴ (R) → R is denoted byÎ R . Note that we haveŴ (k) = W (k) if k is a perfect field. There is a unique structure of a Z p -algebra onŴ (R).
For everyŴ (R)-module M we set
of the form M = Λ ⊗ ZpŴ (R) for some Z p -module Λ, we have a canonical isomorphism M σ ∼ = M which we use to identify these twoŴ (R)-modules.
(3.2) Let X be anyŴ (R)-scheme. Then the ring endomorphism σ ofŴ (R) induces a map σ : X(Ŵ (R)) → X(Ŵ (R)). We will use this notation in particular for the group scheme X = G ⊗ ZpŴ (R) and for the scheme of parabolics of G ⊗ ZpŴ (R). (b) For all x ∈ M and w ∈Ŵ (R) we have
(c) For all y, y ′ ∈ Q we have
(3.4) By conditions (a) and (b), the map
is a surjectiveŴ (R)-linear map of freeŴ (R)-modules of the same rank, hence it is an isomorphism. As S and T are both totally isotropic and as M = S ⊕ T , we have rkŴ (R) (S) = rkŴ (R) (T ) = g.
(3.5) Using the identity F (1 ⊗ x) = V −1 (1 ⊗ τ (1)x) it is easy to check that (3.3) implies
(3.6) Let (A, λ, α) be an R-valued point of A # 0 (2.6). Let (M, Q, F, V −1 ) be the Dieudonné display associated to the p-divisible group of A by the theory of Zink [Zi] .
Moreover, λ induces a perfect alternating form , on the freeŴ (R)-module M such that τ V −1 (1 ⊗ y), V −1 (1 ⊗ y ′ ) = y, y ′ for all y, y ′ ∈ Q.
By (2.5) we can find aŴ (R)-linear symplectic isomorphism
whose reduction moduloÎ(R) is equal to α. We useα to identify M and Λ ⊗Ŵ (R).
By definition of a Dieudonné display we have a split exact sequence of free R-modules
We choose a totally isotropic direct summand S of M such that its reduction moduloÎ R is equal to C and we choose a totally isotropicŴ (R)-complement T of S in M . Then (S, T, F, V −1 ) is a split symplectic Dieudonné display such that Q = S +Î(R)M .
(3.7) We are now going to give a group theoretic reformulation of the split Dieudonné displays with additional structures defined in (3.3): For any ring R as in (3.1) we defineỸ J (Ŵ (R)) to be the set of triples (P ,M ,g) wherẽ
is a parabolic of type J, whereM ⊂P is a Levi subgroup and whereg ∈ G ′ (Ŵ (R)).
(3.8) Let (S, T, F, V −1 ) be a split symplectic Dieudonné display over R. We associate an element (P ,L,g) inỸ J (Ŵ (R)) as follows: We defineP as the stabilizer of the flag 0 ⊂ S ⊂ M in G ′Ŵ
(R)
. ThenP is a parabolic of type J
by (3.3) (d). Furthermore,L is by definition the stabilizer of the decomposition
. Clearly,L is a Levi subgroup ofP . Finally letg be the composition
Lemma. The map constructed above defines a bijection between the set of all split symplectic Dieudonné displays over R and the setỸ J (Ŵ (R)).
Proof. Clearlyg is aŴ (R)-linear map. By (3.4) it is an isomorphism. Now we use (3.5) to check thatg respects the alternating form , (and thereforẽ g ∈ G ′ (Ŵ (R))): Let t, t ′ ∈ T and write t = i w i ⊗ λ i and t ′ = j w ′ j ⊗ λ ′ j with w i , w ′ j ∈ W (R) and λ i , λ ′ j ∈ Λ. As T is totally isotropic, we have
On the other hand
This shows that (P ,L,g) ∈Ỹ J (Ŵ (R)).
We construct an inverse map: Let (P ,L,g) be inỸ J (Ŵ (R)). We let S be the unique direct summand of M such that its stabilizer is equal toP and let T ⊂ M be the unique direct complement of S such that the stabilizer of the decomposition S ⊕ T is equal toL. Further we set for t ∈ T , s ∈ S, w ∈Ŵ (R)
Clearly V −1 is surjective asg is surjective. Moreover, we have for w ∈ W (R), t ∈ T and s ∈ S V −1 (1 ⊗ τ (w)t) = wg(t) = wF (t),
which shows that condition (b) of (3.3) holds. A similar although much more lengthy calculation shows that condition (c) is also satisfied. This shows that (S, T, F, V −1 ) is a split symplectic Dieudonné display. Clearly this construction defines an inverse.
4 Flatness of the mod p period morphism (4.1) Let w 0 be the element of maximal length in W and let x be the element of minimal length in W J w 0 W J = w 0 W J .
We denote by Z J the functor on F p -schemes which is the Zariski-sheafification of the functor Z ′ J which associates to an F p -scheme S the set of triples (P, Q, U Q gU F (P ) ) where P ⊂Ḡ S and Q ⊂Ḡ S are parabolics of type J, and where g ∈ G(S) is an element such that relpos(Q, g F (P )) = x. By [MW] 3.12 this functor is representable by a scheme. For any affine scheme S we have Z J (S) = Z ′ J (S). By definition of x we have relpos(Q, g F (P )) = x if and only if Q ∩ g F (P ) is a common Levi subgroup of Q and g F (P ), i.e. Q and g F (P ) are in opposition.
( 4.2) The forgetful morphism Z J → Par J × Par J which is defined on points by (P, Q, U Q gU F (P ) ) → (P, Q) makes Z J into a torsor over Par J × Par J under a reductive group scheme of dimension dim(P/U P ) for any parabolic P of G of type J ( [MW] 3.11). In particular, Z J is a smooth F p -scheme whose dimension equals dim(G).
(4.3) We denote byZ J the scheme which represents the functor on F pschemes which associates to S the set of triples (P, Q, g) where P ⊂Ḡ S and Q ⊂Ḡ S are parabolics of type J and where g ∈ G(S) is an element such that relpos(Q, g F (P )) = x.
Via the forgetful morphismus (P, Q, g) → (P, Q) we will considerZ J as a scheme over Par J × Par J .
We consider U J × F (U J ) as a group scheme over Par J × Par J . Then (u, v) · (P, Q, g) = (P, Q, ugv −1 ) defines an action of U J × F (U J ) onZ J over Par J × Par J . The fppf-quotient of this action is Z J .
(4.4) Lemma. The action of U J × F (U J ) onZ J is free and henceZ J is a torsor under the smooth group scheme
Proof. Let (P, Q, g) ∈Z J and let u ∈ U Q and v ∈ U F (P ) such that ugv −1 = g. This implies that gv −1 g −1 = u ∈ U Q ∩ g U F (P ) . But by definition ofZ J , g F (P ) and Q are in opposite position. Therefore, U Q ∩ g U F (P ) = (1) which implies u = v = 1.
(4.5) The groupḠ acts onZ J by the rule
This induces an action ofḠ on Z J .
(4.6) We denote byỸ J the F p -scheme which represents the functor which associates to every F p -scheme S the set of triples (P, L, g ) where P ∈ Par J (S), g ∈Ḡ(S) and L is a Levi subgroup of P . We construct a morphismỸ
For every S-valued point (P, L, g) ofỸ J we define Q as the unique parabolic of type J such that XXVI, 4.3.) . Then (P, Q, g) ∈Z J (S).
(4.7) Now we relate the moduli spaces defined in (2.6) and the varietiesỸ J and Z J . We define a morphismζ :Ã 0 →Ỹ J as follows: To every S-valued point (A, λ, α, C ′ , D ′ ) we associate the triple (P, L, g) where P is the stabilizer of α(C) inḠ S , where L is the stabilizer of the decomposition α(C) ⊕ α(C ′ ) = Λ S , and where g is the composition
By definition L is a Levi subgroup of P , hence (P, L, g) ∈Ỹ J (S). 
where R is a complete discrete valuation ring with algebraically closed residue field k, there exists a surjective morphism Spec(R) → Spec(R) of discrete valuation rings and a morphismg : Spec(R) → X which commutes with
Then f Let x 0 ∈ U and y 0 = f (x 0 ) ∈ f (U ) and let y 1 ∈ Y be a generization with y 1 = y 0 . By (4.10) below, there exists a diagram like in (4.9.1). We apply the hypothesis and find a morphismg : Spec(R) → X such that f •g is the composition
The image x 1 of the generic point of Spec(R) underg is a generization of x 0 and hence lies in U as U is open, and therefore y 1 = f (x 1 ) ∈ f (U ). 
where R is a discrete valuation ring with algebraically closed residue field i : Spec(κ) ֒→ Spec(R) such that the image of the generic (resp. special) point of Spec(R) under g is y 1 (resp. y 0 ) and such that the image of h is x 0 .
Proof. There exists a morphism g ′ : Spec(R ′ ) → Y where R ′ is a discrete valuation ring such that g ′ (s ′ ) = y 0 and g ′ (η ′ ) = y 1 where s ′ (resp. η ′ ) is the closed (resp. generic) point of Spec(R ′ ).
Let m ′ be the maximal ideal of R ′ and let κ be an algebraically closed field extension of κ(y 0 ) such that there exist κ(y 0 )-embeddings κ(x 0 ) ֒→ κ and κ(s ′ ) ֒→ κ and let R ′ → R be a flat local homomorphism of R ′ into a complete discrete valuation ring R with residue field κ such that m ′ R is the maximal ideal of R (this exists by [EGA] 0 I 6.8.3). We set g as the composition
and h as the composition
(4.11) Proof of (4.8). By (4.9) it suffices to show the following lemma.
Lemma.
Let k be an algebraically closed field of characteristic p, let
] be the ring of formal power series in one variable ε and set
We denote by
Proof. Let P = (M, Q, F, V −1 ) be the Dieudonné display of the p-divisible group of the abelian variety A. The free W (k)-module M is equipped with a perfect alternating form via λ. Moreover, we can fix an identificationα of M as a symplectic W (k)-module with Λ ⊗ W (k) which lifts the isomorphism α (2.5). Set M ε = Λ ⊗Ŵ (R) and M ε 1 = Λ ⊗Ŵ (R 1 ).
We choose submodules S ⊂ M and T ⊂ M such that (S, T, F, V −1 ) is a split symplectic Dieudonné display over k. Let (P ,L,g ) be the associated element inỸ J (W (k)) (3.8).
Let g ∈ [g] be the reduction ofg modulo p and choose g ε ∈ [g ε ] such that the reduction of g ε modulo ε is equal to g. Set P ε,1 := P ε ⊗ R R 1 , Q ε,1 := P ε ⊗ R R 1 and let g ε,1 be the element g ε considered as an R 1 -valued point of G ′ .
Let L ε,1 be a Levi subgroup of P ε,1 such that
ε,1 ) Q ε,1 ∩ F (P ε,1 ).
For any smooth W (k)-scheme X the canonical map
is surjective. Applying this to the scheme of parabolic subgroups of G W (k) of type J, to the group scheme G W (k) itself and to the smooth schemes of Levi subgroups of fixed parabolic subgroup of G W (k) , we see that there exists an element (P ε,1 ,L ε,1 ,g ε,1 ) ∈Ỹ J (Ŵ (R 1 )) whose reduction to R 1 equals (P ε 1 , L ε 1 , g ε,1 ) and whose reduction to W (k) equals (P ,L,g ). Let (S ε,1 , T ε,1 , F ε,1 , V −1 ε,1 ) be the split symplectic Dieudonné display associated to (P ε,1 ,L ε,1 ,g ε,1 ) (3.8). We set Q ε,1 = S ε,1 ⊕Î R T ε,1 . Then (M ε,1 , Q ε,1 , F ε,1 , V −1 ε,1 ) is a Dieudonné display which lifts P. Via the correspondence of p-divisible groups over R 1 and Diedonné displays over R 1 [Zi] , the theorem follows from Serre-Tate theory. Proof. Clearly the O u (for u ∈ J W ) form a stratification of Z J as they are just the G-orbits. Asζ is open, this is true for the A u 0 as well. Moreover, the unique closed point of the underlying topological space of [G ′ \Z J ] is contained in the image ofζ (any superspecial principally polarized abelian variety is mapped to this point). Therefore the openness ofζ implies thatζ is surjective. In other words, all strata A u 0 are nonempty. Asζ is flat, it also respects codimension, and hence we have 
